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Introduction
Decisions to invest in stocks in the …nancial market are subject to uncertainty, when investing in a stock we do not know whether the return will be positive or negative. Investing in a portfolio of risk assets is the optimal strategy for managing risk and minimizing variability of results.
The optimal choice of investment in risky assets derives portfolios based on solutions that depend on the expected returns and risks, where we plug into the optimization problem the mean, variance-covariance matrix estimators. sampling errors of estimators compared to realized returns and risks will result in poor performance of the optimized portfolios ( [4] .
The investment literature has alternatives to control the error of estimates. Factor models provide estimates of the mean and variance parameterized by the factors simplifying the estimation process and making robust estimates of correlations to speci…c shocks to an asset ( [2] ; [18] ). [14] proposes the portfolio by re-sampling, where simulations of possible returns are used to mitigate the error of estimates on optimized portfolios. Other approaches propose di¤erent estimators for the variance covariance matrix ( [12] ; [5] ).
The stock returns are …nancial time series that present non-linear behavior. At certain periods of time the market is up and returns have low dispersion, in other periods the market is low and the returns show high dispersion. Di¤erent models describe the non-linear characteristics of the …nancial time series, such as GARCH volatility models ( [19] ); the models for the non-linear average prediction ( [6] ); and non-linear models for mean and variance ( [8] ).
The time series models with regime change describe the transition of the …nancial time series between high and low regimes of stock prices, as well as di¤erent dynamics of dependence during periods of high and low in the …nan-cial market. In the ARCH volatility model with regime change -SWARCH ( [9] ), volatility changes over time between low and high volatility states, where volatility increases by a multiplicative scale factor when state transition occurs from low to high volatility. The volatility models with regime change were extended to various GARCH speci…cations ( [11] ). Applications of volatility models with regime changes in the Brazilian literature are in [15] , [17] , [20] ).
The switching regime models are also applied in Finance for measures of dependence between time series, for example, in the use of copulas with regime change ( [3] ). Other studies use technical analysis to obtain trading rules in the …nancial market based on estimators with regime change ( [1] ) and other approaches using the dependency dynamics in the duration of states with regime change ( [13] ).
The objective of this article is to optimize portfolios with the regime change estimators for the mean and variance, and to study investment strategies in portfolios when the estimators have a Markovian regime change. We want to develop portfolio allocation strategies in the face of uncertainty about the high or low state in the …nancial market. Mean and variance-covariance matrix estimators with regime change are applied to the traditional portfolios of risk asset allocation analysis: the global minimum variance portfolio and the tangent portfolio.
In this study we use the standard portfolios only by changing the risk and return estimators allowing for regime switching. Di¤erent from [16] , who study optimal portfolio choices when the data generating process has regime change.
The portfolios are formed using the data of the main Brazilian shares belonging to the São Paulo Stock Exchange Index (Ibovespa). Among the portfolios based on regime change estimators, the tangent portfolio, which performed best in the stock market highs, stands out in spite of the great uncertainty of the market. In the Ibovespa write-down years, the best performance was from portfolios with regime change estimates and short sales.
After this introduction, section 2 presents the models with multivariate regime change for stock returns. In section 3 we have a description of the reference portfolios employed and the investment strategies in the portfolios. Section 4 presents the data and evaluated the empirical characteristics of the regime change models for stocks in the Brazilian …nancial market. Section 5 discusses the e¤ect of regime change estimates on the performance of portfolios in terms of income and risk. Section 6 concludes the article with the …nal remarks.
Multivariate Time Series Models with Regime Switching
The choice about risky assets involves uncertainty, with a set of possible outcomes for return with a given probability. The analysis of risk assets rather than comparing the probability distributions of the di¤erent invest-3 ment opportunities assesses the portfolios by their mean and variance that characterize their probability distributions. In this way, the optimal portfolio choice is made in the mean-variance space.
For optimal portfolio selection, we use estimators of expected return on assets, estimated by their mean, and the estimated risk by their variance. The traditional approach applies the sample mean, variance, and covariance estimators to implement these portfolios. Di¤erent estimators for mean and variance can minimize sampling error of estimates and improve portfolios performance.
Considering the regime change characteristic for …nancial time series ([6] ; [9] ), we will use these models for portfolio optimization. The time series models with change of regime allow changes in the parameters of autoregressive dependence and moving average in the conditional mean equation and also in the conditional variance equation, for each state, describing dynamics of dependence for the time series in the moments of bull markets and other than for periods of bear market.
As the dependence structure on the conditional mean of stock returns tends to be reduced, we will consider that the joint distribution of asset returns can be modelled by a multivariate normal distribution with Markovian Switching. This model is characterized by two stochastic processes that describe the returns of …nancial assets: a multivariate normal distribution with expected returns vector and variance-covariance matrix in each state; and a probabilistic model describing the transition over time between states that is described by a …rst-order Markov process.
The multivariate normal distribution with Markovian Switching is generated by a conditional distribution to the states R t jS t N ( St ; St ):Where the expected returns vector is 1 and the variance-covariance matrix 1 when it is in the low regime, S t = 1; and vector of expected returns is 2 and variance-covariance matrix 2 when it is in the high regime, S t = 2, and the state or regime is a random variable following a Markov process.
The Markov process is a stochastic process whose probability of the process being in a regime in the next period conditional to all past realizations depends only on the current regime and is independent of all past states P fS t+1 jS t ; S t 1 ;
; S 0 g = P fS t+1 jS t g. In a Markov process from an initial state occurs a sequence of states, which describes the evolution over time of the unobservable state. As we will do the analysis of returns without dependence of the series on the conditional mean and variance-covariance matrix, the time dependence is exclusively derived from the Markov chain.
In the model with regime change in returns we will denote the transition probability between state in period i and a subsequent period j, p ij = P fS t+1 = jjS t = ig. Since the probabilities are positive, the transition probabilities must be positive and the sum of the transition probabilities between the current state i for all possible states in the next period must add the unit,
From the estimation of the parameters we can make the inference that the observations of the stock returns are in the high or low regime, by the probability of the regime conditional on the observations P fS t g = P fRtjStg P fRtg . The estimation of the models with regime change is done from its marginal
Given an initialization of the parameters to be estimated, i ; the probabilities of the regimes are estimated, and the log-likelihood function maximized iteratively, until the process converges in the nth iteration if j n n 1 j < , for a tolerance deviation .
In the multivariate normal distribution model with regime change the predictions of the expected returns vector and the variance covariance matrix are obtained by the expectation of returns the conditional on the states in the next period:
and
where P fS t+1 g is the predicted probability of the regime for the next period.
Portfolios Mean-Variance and Investment Strategies
Optimum portfolios in the mean-variance analysis can be derived from investors'preferences according to their risk aversion, or by the optimal choice in a portfolio with the risk-free asset and risky assets. The two reference portfolios considered in this work are the global minimum variance portfolio and the tangent portfolio.
Global Minimum Variance Portfolio (MVP)
The global minimum variance portfolio is the minimum risk portfolio among all e¢ cient portfolios, and is a conservative portfolio option. Considering that investors prefer higher expected returns to lower and are risk averse, a su¢ ciently large risk averse investor would optimally choose to invest its wealth in risky assets according to the minimum variance portfolio. The global minimum variance portfolio is the solution to the optimization problem: min
where ! is a column vector N 1 that represents the portfolio and de…nes the percentage of the wealth that will be invested in each stock; is the variance-covariance matrix; and is a unit column vector.
The global minimum variance portfolio has few estimates requirements, and it is only necessary to estimate the variance-covariance of the returns of the assets. The variance-covariance matrix has a better convergence condition in …nite samples than the mean.
Tangent Portfólio -(Tan)
The tangent portfolio is the portfolio that maximizes Sharpe's ratio. The tangent portfolio corresponds to the solution of the following optimization problem: min
Portfolios are optimized with non-negative constraints such that short selling operations are not allowed because these operations bring more risk to the transaction made in the market.
As we saw above, the choice of portfolios depends on the vector of expected returns and the variance-covariance matrix of stock returns. Considering the regime change estimators, we can develop two strategies for portfolio investment:
(i) Optimization of the portfolio with model estimators with regime change, using the expectations of the mean and the variance-covariance matrix in each regime weighted by the expected probability of the regime. This is the choice of estimators that minimize the mean squared error of prediction ( [8] ).
(ii) Optimization of the portfolio with the estimates of the state inferred by the regime, based on the expected probability of the regime. If the …nancial market can only be in the high and low states, an investor may infer that the next state will be high whenever the expected probability of the regime is greater than or equal to half, P fS t+1 = 2g 0:5. In this way we optimize the portfolios only with the estimate of the expected return vector and the variance-covariance matrix in the inferred state for the next period.
The use of models with regime change to infer the state of the economy or the …nancial market is an application derived from the regime change model. [7] applies regime-change models to GDP growth rates in order to identify periods of crisis and expansion in the US economy, where the states of recession and expansion are similar with the NBER crisis dating.
Estimation of the Regime Switching Model for Stocks of the São Paulo Stock Exchange
To analyse the portfolios we will consider the allocations on the main stocks traded on the São Paulo Stock Exchange (Bovespa) between 02=01=2009 and 12=29=2016. The Ibovespa index includes the stocks with the highest trading volume in the stock market in a portfolio weighted by market value, with quarterly rebalancing of its composition. The risk-free interest rate that is considered is the Interbank Deposit Certi…cation rate (CDI).
In portfolios performance studies a recurring problem is the selection bias when we make allocations over a set of di¤erent stocks over time. This bias is called survival bias in fund performance analysis, that can in ‡uence the performance outcome considering only the funds that remain in the market. Similarly, we eliminate the worst performing stocks if, for example, the set of shares subject to allocation varies by incorporating only the shares that are part of the market index in each period.
In this work we consider only the stocks that remained in all Ibovespa compositions between the beginning of 2009 and the end of 2016. In this way we control the selection bias, since we keep …xed the set of stocks in the . In this way, we performed the allocations on the Ibovespa stock's resilient core, considering 26 shares of 24 companies that were present in all of its theoretical portfolios, while in the period analyzed the Ibovespa contained shares ranging from 55 to 68 companies.
By the estimates of the multivariate normal distribution model with regime change (Table 1) , stock returns are modeled with two regimes: the …rst regime, with lower mean return for most stocks and lower volatility; and a second regime, with a predominance of higher mean return and higher volatility. Regimes have a high recurrence, since we entered the downward regime we are 93% likely to remain in the low and long term expectation regime of 15:27 days, while once we enter the high regime we have a 86% probability to remain in the market with an expected duration of 7:01 days.
The Brazilian stock market has seen sharp declines following the recovery of the sub-prime crisis, with great instability due to …nancial, economic and political crises. Thus, the higher probability of recurrence of the …nancial market downturn is consistent with the recording of historical data observed. 
Portfolio Performance
Portfolios are allocated out of the sample, considering monthly rebalancing with a three-year moving window of daily returns to estimate the portfolio's inputs. The portfolios are optimized between January 2012 and December 2016 totaling 60 allocations. Portfolios are always de…ned for the following month using data from the daily returns of three years immediately preceding the last observation included, used for the estimation of the mean and variance-covariance matrix. Each portfolio is held for one month, on the last day of the month the realized return on investment is calculated.
The performance of 9 portfolios, with and without restrictions on short sale operations, are compared. Six portfolios do not allow short selling operations: Wmvp, global minimum variance portfolio with sample estimates; WmvpMs, global minimum variance portfolio with regime change estimates; WmvpP, global minimum variance portfolio with inferred state estimates; Wtan, tangent portfolio with sample estimates; WtanMs, tangent portfolio with estimates with change of regime; WtanP, tangent portfolio with inferred state estimates.
The unrestricted portfolios for short selling operations were analyzed only for the global minimum variance portfolio, since they presented betterbehaved results (weights in reasonable magnitudes and stable returns). Three portfolios allow for short sale operations: WmvpU, which considers sample estimators; WmvpUMs, which considers estimates with regime change; WmvpUP, which consider estimates for the state based on the inferred probability.
Portfolio performance follows Ibovespa results. In the year 2012 and 2016 Ibovespa was up and portfolios earnings were better. In the years 2013 to 2015 the Ibovespa showed a fall and the yields were worse. In the sub-sample of the years 2012 and 2016, the best performance was the tangent portfolio with estimates with regime change that has Sharpe's highest ratio (Table  2) , followed by the tangent portfolio with inferred probability. The tangent portfolio with regime change has the highest expected return and also the higher risk, in terms of Sharpe's ratio, would be the best portfolio choice of risky assets.
The global minimum variance portfolio in the subsample of the years 2012 and 2016 is the third best portfolio in terms of Sharpe's ratio. While the tangent portfolio improved with the regime change estimates, the overall minimum variance portfolio performed worse when the regime change estimates were used. The global minimum variance portfolio depends directly only on estimates of the variance-covariance matrix, on the other hand the tangent portfolio depends directly on mean estimates. The estimates of the average have dynamic and adaptive behavior in the models with change of regime, being particularly improved and explaining the improvement of the tangent portfolio in relation to the use of estimates of the sample mean estimator.
Investments in risky assets are greatly a¤ected by the …nancial market crash. With the set of stocks having price decline it becomes complex to compose a combination of shares in a portfolio to realize gain. Re ‡ecting the poor performance of the …nancial market, all portfolios had an average return below the risk-free interest rate in the 2013 2015 sub-sample, in which case Sharpe's ratio becomes negative.
<TABLE 2 -HERE>
Portfolios with short selling operations did not perform well in the subsample of the years 2012 and 2016 in the statistics on their monthly returns, with Sharpe ratio lower than the corresponding short selling restriction. However, during the years of decline in the …nancial market, they had the highest average returns, although lower than the risk-free interest rate.
The accumulated income accompanies market performance and varies in behavior each year in di¤erent portfolios. During the downturn of the …nan-cial market between 2013 to 2015, the portfolios with short sales operation have the best results. With stock prices falling short selling becomes a profitable opportunity, with the possibility of repurchasing the shares at lower prices than when they were "rented" from the brokerage house. This way you can pro…t from the di¤erence in the cash ‡ow between the moment of short sale and repurchase to close the open position.
From Table 3 we can see that in 2012 and 2016 the highest accumulated income was obtained with the tangent portfolio with change of regime. Considering the accumulated income in 2012 with the result of 2016 obtained 51:34% of income. In 2012 the highest yield is from the tangent portfolio with sample estimates, but by 2016 its performance falls substantially. In 2016 the highest yield is from the tangent portfolio with inferred probability.
Considering the downturn in the …nancial market, in 2013 the highest accumulated income is from the tangible portfolio with inferred probability. In 2014 the highest yield is from the portfolio of minimum variance with estimates with change of regime and with short selling operations. In 2015 the highest yield is from the tangent portfolio with sample estimates followed by the minimum variance portfolio with inferred probability and short selling. For the entire period of the downturn, the portfolios with estimates with change of regime and short selling operations presented the alternatives with better performance.
The largest return on portfolios with regime change, either with regimebased estimators or inferred probabilities, occurs in 2016 when we have great uncertainty. Despite the predominance of the high regime many transitions occur to the low regime, compatible with the events of the political crisis. Improving the pro…tability of both the global minimum variance portfolio and the tangent portfolio, with results that are more signi…cant for the tangent portfolio.
<TABLE 3 -HERE>
Portfolios using estimates of regime change and probabilities inferred from the state of the …nancial market have demonstrated e¤ective strategies to maximize the pro…tability of investors. The regime change estimates had portfolios with the greatest magnitude of change in positions, in certain periods are more concentrated and in others more diversi…ed compared to portfolios with sample estimates, as we can see in the set of Figure 2 . Portfolios with inferred probabilities presented more pronounced changes in their composition over time.
Although the greater change in the composition of portfolios over time may lead to higher transaction costs that would reduce net income, large players in the market can operate with low transaction costs. In this way, the analyzed portfolios are an interesting option mainly for the big players in the market.
<Figure 2 -HERE>
Conclusions
The …nancial market alternates over time through periods of high and low stock prices, a behavior that can be described by time series models with regime switching. The objective of the article was to evaluate the e¤ect of estimates with regime change and strategies based on inferred probabilities on the performance of the portfolios.
Two strategies for the use of risk and asset return estimates were postulated from the regime change models. One plugged into the portfolios of global minimum variance and in the portfolio tangent the estimators with regime change, the expected value of the moments weighted by the predicted probabilities of the regimes. The other considered the expected probability of the scheme and inferred that the state of the …nancial market was up when the expected probability of the scheme was greater than or equal to 0.50 and low otherwise, using in the optimization of the portfolio only the moments associated with the state foreseen.
The Brazilian …nancial market during the period presented a strong fall, we identi…ed a higher number of observations in the low state compared to the observations in the high state. This result is corroborated by the strong fall in the Ibovespa during the 2009-2016 period, with recovery only at the end of the series coinciding with the highest state inferred more frequently for this part of the sample.
The results indicated that the tangent portfolio was improved with the use of the regime change estimators, being the portfolio with the best performance during periods of high …nancial market. The global minimum variance portfolio was little a¤ected by the use of regime change estimates. This can be explained by the fact that the tangent portfolio depends directly on estimates of expected returns, estimates that are di¢ cult to obtain mainly with changes in the behavior of stock returns between the high and low …nancial market states.
Even with the great instability of the stock market the proposed portfolios performed higher in the high period. During the downturns, short-selling portfolios and regime change estimates showed. Table 2 
